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marginal function $(i.e., \sup_{y\in F()}xf(y),$ $\inf_{y}\in F(x)f(y))$
.
2. Preliminaries
$X$ , $Y$ $Y$ $C$ . ,
$C$ pointed (i.e., $C\cap(-C)=\{\theta_{Y}\}$ ) , int $C$
. , $\theta_{Y}$ $Y$ null vector , int $C$ $C$
. , $\mathrm{c}1C$ , $C$ . $Y$ $y$
$Y$ $A$ $d_{Y}$ : $Yarrow R$ $d_{Y}(y, A)= \inf_{a\in A}d(y, a)$ .
$F$ $X$ $Y$ , $X$ $Y$ $2^{Y}$
, $F:X\sim Y$ . $F:X\sim*Y$ , Graph$(F)$
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(2.1) .
Graph$(F):=\{(x, y)\in X\cross Y|y\in F(x)\}$ . (2.1)
, $F$ $F(x)$ $x\in X$ , ,
$\mathrm{D}\mathrm{o}\mathrm{m}F:=\{x\in X|F(x)\neq\phi\}$ (2.2)
, $F$
${\rm Im} F:= \bigcup_{x\in X}F(x)$ (2.3)
.
$X$ $Y$ , $F$ $X$ $Y$ , $F$ $x_{0}$
equally weak upper semicontinuous (ewusc for short) [11] , $\theta_{Y}\in Y$
$G$ , $x_{0}$ $U$ ,
$F(x)\subset F(..x_{0})+G$ for all $x\in U\cap.\mathrm{D}\mathrm{o}\mathrm{m}F$ , (2.4)
. , $F$ $x_{0}$ equally lower semicontinuous (elsc for short)
[11] , $\theta_{Y}\in Y$ $G$ , $x_{0}$ $U$ ,
$F(x\mathrm{o})\subset F(x)+G$ for all $x\in U\cap \mathrm{D}\mathrm{o}\mathrm{m}F$ , (2.5)
.
, Marginal function . Maximum theorem [1, Th.l 4.16]
[1, Chapterl] .
Proposition 1. Let $X$ and $Y$ be metric spaces, respectively. For a set-valued map $F$ :
$X\sim\rangle Y$ and a real-valued function $f$ : Graph$(F)arrow R$ , we have the following statements.
(i) If $f$ and $F$ are lower semicontinuous in the sense of each definition so is the marginal
function $g$ is also a lower semicontinuous function.
$(\mathrm{i}\mathrm{i})\backslash l$ If $f$ and $F$ are upper semicontinuous in the sense of each definition and if $F(x)$ is a
compact set for each $x\in X$ , the marginal function $g$ is also an upper semicontinuous
function.
3. Cone-Semicontinuity for Set-Valued Maps
, $F$ : $X\sim>Y$ cone-semicontinuity ,
, upper semicontinuity
, , upper semicontinuity cone-upper semicontinuity .
Definition 1. Let $X$ and $Y$ be topological spaces, respectively. A set-valued map $F$ :
$X\sim Y$ is said to be upper semicontinuous (u.s.c. for short) at $x_{0}$ if for any open set $V$
with $F(X_{0})\subset V$ , there exists a neighborhood $U$ of $x_{0}$ such that
$F(x)\subset V$ for all $x\in U$. (3.1)
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Definition 2. Let $X$ and $Y$ be a topological space and an ordered topological vector
space with a convex cone $C$ , respectively. A set-valued map $F:X\sim\rangle$ $Y$ is said to be:
(u1) $C$-upper semicontinuous at $x_{0}$ (C-usc) if for any open neighborhood $V$ of $F(x\mathrm{o})$ ,
there exists an open neighborhood $U$ of $x_{0}$ such that $F(x)\subset V+C$ for all $x\in$
$U\cap \mathrm{D}\mathrm{o}\mathrm{m}F$ ([6, Def.7.1 (p.33)]);
(u2) $C$-weak upper semicontinuous at $x_{0}$ ( $C$-wusc) if for any open neighborhood $V$ of
cl $F(x_{0})$ , there exists an open neighborhood $U$ of $x_{0}$ such that $F(x)\subset V+C$ for
all $x\in U\cap \mathrm{D}\mathrm{o}\mathrm{m}F$ ;
(u3) $C$-equally weak upper semicontinuous at $x_{0}$ ( $C$-ewusc) if for any open neigh-
borhood $G$ of $\theta_{Y}\in Y$ , there exists an open neighborhood $U$ of $x_{0}$ such that
$F(x)\subset F(x_{0})+G+C$ for all $x\in\dot{U}\cap \mathrm{D}\mathrm{o}\mathrm{m}F$ .
3 cone-upper semicontinuities , [11]
upper semicontinuity , weak upper semicontinuity, equally upper
semicontinuity – . , upper semicontinuity cone-
upper semicontinuity , cone-upper semicontinuity –
, , [10, Def 21].
Remark 1. In [4], Ferro denote condition (u1) above the terminology “upper C-continuity
”. When $C=\{\theta_{Y}\}$ in Definition 2., a set-valued map $F$ : $X\sim Y$ is $C$-usc at $x_{0}$ if and
only if $F$ is $\mathrm{u}.\mathrm{s}.\mathrm{c}$ . at $x_{0}$ .
Proposition 1. Let $X$ and $Y$ be a topological space and an ordered topological vector
space with a convex cone $C$ , respectively. A set-valued map $F$ : $X\sim Y$ satisfies the
condition (u3) at $x_{0}$ if and only if $F$ satisfies the following condition:
$(\mathrm{u}3)$
’ For any $d\in$ int $C$ , there exists an open neighborhood $U$ of $x_{0}$ such that $F(x)\subset$
$F(x_{0})-d+\mathrm{i}\mathrm{n}\mathrm{t}C$ for all $x\in U$ .
(u1), (u2), (u3) Proposition 2. .
Proposition 2. Let $X$ and $Y$ be a topological space and an ordered topological vector
space with a convex cone $C$ , respectively. In the above definition, we have (u1) $\Rightarrow(\mathrm{u}2)$
$\Rightarrow(\mathrm{u}3)$ .
Example 1. ((u2) (u1) )Let $X=Y=R$ and $C=R+\cdot$ We
consider the following set-valued map $F$ from $R$ to $R$ defined by
$F(x)=\{y\in R|-X^{2}<y\leq 1\}$ . (3.2)
We can verify that $F$ is $R_{+}$ -wusc at $x=0$ but not $R_{+}$ -usc at the point, where $R_{+}=$
$\{r\in R|r\geq 0\}$ .
Example 2. ((u3) (u2) )Let $X=R_{+},$ $Y=R^{2}$ and $C=R_{+}^{2}$ .
We consider the following set-valued map $F$ from $R$ to $R$ defined by
$F(x)= \{(z_{1}, z_{2})\in R^{2}|z_{2}>\frac{1}{z_{1}+x},$ $z_{1}\geq 0\}$ . (3.3)
We can verify that $F$ is $R_{+}^{2}$-ewusc at $x=0$ but not $R_{+}^{2}$ -wusc at the point.
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Proposition 3. Let $X$ and $Y$ be a topological space and an ordered topological vector
space with $\mathrm{a}$ convex cone $C$ , respectively. A set-valued map $F$ : $X\sim\succ \mathrm{Y}$ satisfies the
condition (u1) $x_{0}$ if and only if $F$ satisfies the following condition:
$(\mathrm{u}1)$
’ For any open set $V$ with $F(x_{0})\subset V+C$ , there exists an open neighborhood $U$ of
$x_{0}$ such that $F(x)\subset V+C$ for all $x\in U\cap \mathrm{D}\mathrm{o}\mathrm{m}F$ ;
Also, a set-valued map $F$ : $X\sim Y$ satisfies the condition (u2) at $x_{0}$ if and only if $F$
satisfies the following condition:
$(\mathrm{u}2)$
’ For any open set $V$ with cl $F(x_{0})\subset V+C$ , there exists an open neighborhood $U$
of $x_{0}$ such that $F(x)\subset V+C$ for all $x\in U\cap \mathrm{D}\mathrm{o}\mathrm{m}F$ ;
Proposition 4. Let $X$ and $Y$ be a topological space and an ordered metric and vector
space with a convex cone $C$ , respectively, where the metric of $Y$ is denoted by $d_{Y}$ . A
set-valued map $F:X\sim Y$ satisfies the condition (u3) at $x_{0}$ if and only if $F$ satisfies the
following condition:
$(\mathrm{u}\bm{3})$
” For any $\epsilon>0$ , there exists an open neighborhood $U$ of $x_{0}$ such that
$F(x)\subset B_{Y}(F(x_{0}), \epsilon)+C$, $\forall x\in U\cap \mathrm{D}\mathrm{o}\mathrm{m}F$,
where $B_{Y}(A, \epsilon):=\{y\in Y|d_{Y}(y, A)<\epsilon\}$ .
Proposition 5. Let $X$ and $\mathrm{Y}$ be a topological space and an ordered topological vector
space with a convex cone $C$ , respectively. In the above definition, if $F(x_{0})$ is closed then
$(\mathrm{u}2)\Rightarrow(\mathrm{u}\mathrm{l})$ . Also, cl $F(x_{0})$ is compact in $Y$ , then $(\mathrm{u}3)\Rightarrow(\mathrm{u}2)$ .
, lower semicontinuity , cone-lower
semicontinuity .
Definition 3. Let $X$ and $Y$ be topological spaces. A set-valued map $F:X\sim Y$ is said
to be lower semicontinuous (1. $\mathrm{s}.\mathrm{c}$ . for short) at $x_{0}$ if for any open set $V$ with $F(x_{0})\cap V\neq\emptyset$ ,
there exists an open neighborhood $U$ of $x_{0}$ such that
$F(x)\cap V\neq\emptyset$ for all $x\in U$. (3.4)
Definition 4. Let $X$ and $Y$ be a topological space and an ordered topological vector
space with a convex cone $C$ , respectively. A set-valued map $F:X\sim Y$ is said to be:
(11) $C$-equally lower semicontinuous at $x_{0}$ ( $C$-elsc) if for any neighborhood $G$ of $\theta_{Y}\in Y$ ,
there exists a neighborhood $U$ of $x_{0}$ such that $F(x_{0})\subset F(x)+G-C$ for all $x\in$
$U\cap \mathrm{D}\mathrm{o}\mathrm{m}F$ ;
(12) $C$-lower semicontinuous at $x_{0}$ (C-lsc) if for any $y_{0}\in F(x_{0})$ and any neighborhood
$G$ of $\theta_{Y}\in Y$ , there exists a neighborhood $U$ of $x_{0}$ with $F(x)\cap(y_{0}+G+C)\neq\emptyset$ for
any $x\in U\cap \mathrm{D}\mathrm{o}\mathrm{m}F$ .
2 cone-lower semicontinuities , [11]
equally lower semicontinuity , lower semicontinuity – .
, lower semicontinuity , $C$-lower semicontinuity .
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Remark 2. In [4], Ferro denote condition (11) above by the terminology ”lower C-
semicontinuity”. When $C=\{\theta_{Y}\}$ in $\mathrm{D}\mathrm{e}\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}.\mathrm{d}\mathrm{e}\mathrm{f}}- \mathrm{C}- 1_{\mathrm{S}\mathrm{C}}$, a set-valued map $F:X\sim\succ Y$ is
$C$-lsc at $x_{0}$ if and only if $F$ is $1.\mathrm{s}.\mathrm{c}$ . at $x_{0}$ .
Proposition 6. Let $X$ and $Y$ be a topological space and an ordered topological vector
space with a convex cone $C$ , respectively. In the above definition, (11) $\Rightarrow(12)$ . If cl $F(x_{0})$
is compact, the converse is true. See Ferro [4] in detail.
4. Cone-Semicontinuity of Composite Maps and
Marginal Functions
$f$ : $Yarrow R$ $x_{0}\in Y$ upper semicontinuous (u.s.c. for short)
, $\epsilon>0$ , $x_{0}$ $U$ , $x\in U$
$f(x)-f(X_{0})<\epsilon$ . $f$ $Y$ u.s.c.
, $a\in R$ , $Y$ $\{x\in Y|f(x)<a\}$
. , $-f$ $x_{0}$ $\mathrm{u}.\mathrm{s}.\mathrm{c}$. $f$ $x_{0}$ lower semicontinuous ( $1.\mathrm{s}.\mathrm{c}$ . for
short) .
Theorem 1. , upper semicontinuity
lower semicontinuity .
Definition 1. Let $Y$ be a topological vector space. A real-valued function $f$ : $Yarrow R$
is called monotonically u.s.c. (resp., monotonically l.s.c.) if for any $\epsilon>0$ , there exists a
neighborhood $G$ of $\theta_{Y}\in Y$ such that $f^{-1}(V+(-\epsilon, \epsilon)+R_{-})$ is open and $f^{-1}(V)+G\subset$
$f^{-1}(V+(-\epsilon, \epsilon)+R_{-})$ for all $V\subset R$ (resp., by replacing $R_{+}$ by $R_{-}$ , where $R_{-}=\{r\in$
$R|r\leq 0\})$ .
$\varphi$ : $\mathrm{D}\mathrm{o}\mathrm{m}F\sim\rangle$ $R$ .
$\varphi(x):=f\circ F(_{X)}=$ $\cup$ $\{f(y)\}$ . (4.1)
$y\in F(x)$
, $C$ $C=R_{+}$ $C=R_{-}$ .
Theorem 1. Let $X$ and $Y$ be a topological space and an ordered topological vector space
with a convex cone $C$ , respectively. For $F:X\sim Y$ with $\mathrm{D}\mathrm{o}\mathrm{m}F\neq\emptyset$ and $f$ : $Yarrow R$, we
have the following:
(1a) if $F$ is u.s.c. and $f$ is u.s.c. then $\varphi$ is $R_{-}$ -ewusc;
$(1\mathrm{b})$ if $F$ is ewusc and $f$ is monotonically u.s.c. then $\varphi$ is $R_{-}$ -ewusc;
(2a) if $F$ is $\mathrm{u}.\mathrm{s}.\mathrm{c}$ . and $f$ is l.s.c. then $\varphi$ is $R_{+}$ -ewusc;
(2b) if $F$ is ewusc and $f$ is monotonically l.s.c. then $\varphi$ is $R_{+}$-ewusc;
(3) if $F$ is elsc and $f$ is monotonically u.s.c. then $\varphi$ is $R_{+}$ -elsc;
(4) if $F$ is elsc and $f$ is monotonically l.s.c. then $\varphi$ is $R$-elsc;
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(5) if $F$ is l.s.c. and $f$ is u.s.c. then $\varphi$ is $R_{--}1\mathrm{s}\mathrm{c}$;
(6) if $F$ is l.s.c. and $f$ is l.s.c. then $\varphi$ is $R_{+}$ -elsc.
, 2 marginal function .
$\sup\varphi(x):=\sup_{y\in F(x)}f(y)$ , (4.2)
$\inf\varphi(x):=$ inf $f(y)$ , (4.3)
$y\in F(x)$
, $F:X\wedge*Y$ $f$ : $Yarrow R$ .
Lemma 1. Let $X$ be a topological space For a set-valued map $\varphi$ : $X\sim R$ is $R_{-}$ -ewusc
(resp. $R_{-}$ -elsc, $R_{-}- 1_{\mathrm{S}}\mathrm{c}$ ) if and only $\mathrm{i}\mathrm{f}-\varphi$ is $R_{+}$ -ewusc (resp. $R_{+}$ -elsc, $R_{+}-1\mathrm{S}\mathrm{c}$ ).
Theorem 2. Let $X$ be a topological space. For a set-valued map $\varphi$ : $X\sim R$ , we have
the following:
(1) $1\mathrm{f}\varphi$ is $R_{-}$ -ewusc then $\sup\varphi$ is u.s.c.;
(2) if $\varphi$ is $R_{+}$ -ewusc then $\inf\varphi$ is l.s.c.;
(3) if $\varphi$ is $R_{+}$ -elsc then $\sup\varphi$ is l.s.c.;
(4) if $\varphi$ is $R_{-}$ -elsc then $\inf\varphi$ is $\mathrm{u}.\mathrm{s}.\mathrm{c}.$ ;
(5) if $\varphi$ is $R_{-}- 1\mathrm{s}\mathrm{c}$ then $\inf\varphi$ is u.s.c.;
(6) if $\varphi$ is $R_{+}- 1_{\mathrm{S}}\mathrm{c}$ then $\sup\varphi$ is l.s.c..
Theorem 1., Theorem 2. Corollary 1. .
Corollary 1. Let $X$ and $Y$ be a topological space and an ordered topological vector space
with a convex cone $C$ , respectively. Let $F:X\sim Y$ be a set-valued map with $\mathrm{D}\mathrm{o}\mathrm{m}F\neq\emptyset$
and $f$ : $Yarrow R$. For the marginal function is defined by (4.2) and (4.3), we have the
following:
(1a) if $F$ Is u.s.c. and $f$ Is u.s.c. then $\sup\varphi$ is u.s.c.;
$(1\mathrm{b})$ if $F$ is ewusc and $f$ is monotonically u.s.c. then $\sup\varphi$ is u.s.c.;
(2a) if $F$ is u.s.c. and $f$ is 1. $\mathrm{s}.\mathrm{c}$ . then lnf $\varphi$ is l.s.c.;
(2b) if $F$ is ewusc and $f$ is monotonically $1.\mathrm{s}.\mathrm{c}$ . then $\inf\varphi$ is $1.\mathrm{s}.\mathrm{C}_{)}$.
(3) if $F$ is elsc and $f$ is monotonically u.s.c. then $\sup\varphi$ is l.s.c.;
(4) if $F$ is elsc and $f$ is monotonically l.s.c. then $\inf\varphi$ is u.s.c.;
(5) if $F$ is l.s.c. and $f$ is u.s.c. then $\inf\varphi$ is u.s.c.;
(6) if $F$ is l.s.c. and $f$ is l.s.c. then $\sup\varphi$ is l.s.c..
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